MATH 4060 MIDTERM EXAM (FALL 2016)

Name: Student ID:

Answer all questions. Write your answers on this question paper. No books, notes or
calculators are allowed. Time allowed: 105 minutes.

1. Weierstrass’s theorem states that a continuous function on [—1, 1] can be uniformly approximated
by polynomials there. Let D = {z € C: |z| < 1} be the closed unit disc centered at the origin.
Can every continuous function on D be approximated uniformly on D by polynomials in the
complex variable z? Explain your answer. (10 points)

Solution.

e No.

Polynomials in z are entire functions of z, and in particular holomorphic functions on D.

If a sequence of holomorphic functions on D converges uniformly on D, then the limit
function is holomorphic on D.

However, there are many functions that are continuous on D, but not holomorphic on D.

An example is Z. Such cannot be approximated uniformly on D by polynomials in z.



2. (a) Let
f(l') = m fOI’ all T € R.
Using contour integrals, show that its Fourier transform is
f(&) = w24,
where fis defined by the formula f(f) = f_oooo f(z)e= 2™ dy for all € € R. (16 points)

Solution.
e Given £ € R, let F(z) = ! e~ 2mizE,
’ 14 22

e Suppose £ < 0. For R > 1, let v be the contour given by the straight line joining — R
to R, and Cpr be the contour given by the semi-circle centered at 0 and of radius R,
joining R to —R through the upper half plane.

e The only singularity of F' in the region enclosed by vr and Cg is at z = 1.

—2miz€ ; 27E
e Writing F(z) = e—/(%'ﬁ—z)’ the residue of F' at z =i is 62,
z—1 )
1 e
e Cauchy integral formula shows that — F(z)dz = ——, hence
T JyptCr 2
R , 1 .
/ f(x)e_27m5d:v = e 27l / — ey,
—R Cr 1+ 22
e If R > 1, then for z € Cg,
1 < 1
1+22| - R2-1'
whereas
|6—27riz§| — eQr(Imz)g <1 1f£ <0.
e Hence
/ 126—2m‘z§d2‘ < ;rR -0
Cr 1 + z R -1
as R — +oo.

e This shows ~
/ f(.fC)eimefdJ} — 7T6727r\£|
—00

if £ < 0. Similarly, if £ > 0, instead of the upper semi-circle contour Cr, consider
the contour given by the semi-circle centered at 0 and of radius R, joining R to —R
through the lower half plane. Then a similar calculation shows that the same identity
holds; indeed, the residue one picks up at z = —i is then e~2™/(2i), and for z in
this lower semi-circular contour, we have |e~2™%¢| = ¢27(IM2)¢ < 1 if ¢ > 0. One then
finishes the proof as before. (Alternatively, just observe that f(x) is an even function,
and thus its Fourier transform is also even; the result for £ < 0 then implies also the
result for £ > 0.)



(b) (i) State (without proof) Poisson summation formula. You should state clearly a set of
assumptions under which the conclusion of the theorem holds.
(ii) Using the version of Poisson summation formula you stated in part (i), evaluate the

sum
00

1
Zl+n2

n=1

(14 points)

Solution.

e The Poisson summation formula says if f(z) admits a holomorphic extension f(z) to the
horizontal strip {z € C: |Imz| < a} for some a > 0, and if the extension satisfies

|f(z +iy)| < for all z,y € R with |y| < a,

1+ 22
then - -
S )= Y f),

where fis the Fourier transform of f defined by ]?(5) = ffooo fx)e 2=y,

since it admits a holomorphic exten-

The Poisson formula above applies to f(z) = T2
T

1
sion f(z) = 12 to the strip {|Im z| < 1/2}, and

Fe 4 ig)] < {A if |z < 2,y < 1/2

Az=? if x| > 2,]y| < 1/2

e Thus
L 2|
— Tn
D Tiwm T 2
n=—oo n=—oo
ie.
[ee] (o)
1+2) = <1+2Ze—2m>
n=1 n=1
e We sum the geometric series on the right hand side:
0 e—2m
—2mn __
Z € T 12’
n=1
e Thus
= 1 ™ 2e~ 2" 1
1+n?2 2 1—e2m 2
n=1
w1+ e 2 1
S 2\1-e2?7) 2
meoth(m) — 1 m—1 e 2T
= or +

2 2 1—e 27



3. Suppose k € N. Let E} be the canonical factor, defined by

k. .
J
Ex(z) =(1—2)exp Zz— for z € C.
=17
(a) Show that

|Ex(z)] > e 2™

1
for all |z| < —.
2
(12 points)

Solution.
e Suppose z € C and |z| < 1/2. Then

1— 2z =-exp(Log (1 — 2))
where Log is the principal branch of the logarithm
e Hence

o0 Z‘
Log (1 — 2) —
e This gives

j=ky1 J
e But

= 2z|F!
e Thus

hl Z 6_2|Z|k+1,



(b) Show that if z € C, and {a, }52; is a sequence of complex numbers satisfying both conditions
below:

e |ay| > 2|z| for all n € N,

1
® 0 = < 00,

then

oo

11 & () > ol

[e2% B

n=1
(You do not need to prove the convergence of the infinite product on the left hand side.)
(8 points)

Solution.

Suppose |ap| > 2|z| for all n € N. Then |z/a,| < 1/2 for all n.

Thus for any positive integer N, we have

N 5 N 5 k+1 N 5 k+1
HEk(%) ZHexp —26 = exp —ZZa
n=1 n=1 n=1
e But
N k+1<1N L |k O_‘Z|k:
= lan - 2n:1 an 2
e Thus
N
HEk LIRS —olzl*
an

This is true for any positive integer N. Letting N — 400 then yields the result.



4. For each of the following statements, determine whether it is true or false. If it is true, give a
proof; if it is false, show that it is false.

(a) The infinite product

)

converges for all z € C, and defines an entire function that vanishes to order 1 at all the
positive integers. (10 points)

Solution.
e False.
e The infinite product does not converge at z = —1.
e If z = —1, then for any positive integer N, we have

N z N 1 Nn—l—l
105 =T (0 5) =TT = e
n=1 n=1 n=1

which diverges as N — 4o00.

e Indeed, the infinite product fails to converge for any z ¢ NU{0}. This follows from the
following fact (see Stein and Shakarchi, Complex Analysis, Chapter 5, Exercise 7(a)):

o0 oo
Suppose (i) a, # —1 for all n € N, (ii) Z lan|? converges, and (iii) Zan diverges.
n=1 n=1

[e.9]
Then H (1+ ay) diverges.

n=1

It suffices to apply this fact to a,, := z/n.



(b) If P is a monic polynomial (i.e. a polynomial of the form 2" + ¢, 12" ! + - -- 4 ¢y for some
n € NU {0} and some coefficients ¢, c1,...,c,—1 € C) and P(z) # 0 whenever |z| > 1, then

27 )
/ log |P(e™)|dt = 0.
0

(14 points)

Solution.

True.

Since P is monic and all zeroes of P are inside the open unit disc D, we may write
Pz)=(z—a1)(z—a2)...(z —ap)

for some ayq,...,a, € D.

Now .
/27r log |[P(e™)|dt = /27r log ™ — ay|dt.
0 1 /0
So it suffices to show that
/27r log|e™ —aldt =0
for all a € D. ’

This is clear if a = 0.

If a € D and a # 0, then we apply Jensen’s formula to p(z) := z — a. Then we get

27 27
/ mthﬁz/l%mwwhﬂm%MW—mmww
0 0
as well, as desired.

Alternatively, consider the function Q(z) := z"P(1/z), defined for z # 0. Then since
P is monic, we have

lim Q(z) =1,

z—0
so we may extend @ to an entire function. Now @ has no zeroes on D. Thus log |Q(z)| is
harmonic on a neighborhood of D, and the mean-value property for harmonic functions
shows that

2T
Al@@%%—%@@@h&

(We could also invoke Jensen’s formula here to obtain the same conclusion.) Since
et)| = e~ ™|, an og et)|dt = og e~ |dt v a change of variable
M| = |P(e~™)|, and [7" log |P(e™)|dt = [Z™ log |P(e~™)|dt by a ch f variabl
t — 2w — t, the desired result follows.



5. Suppose f is entire, not identically zero, and each zero of f occurs with an even multiplicity.
Show that there exists an entire function g such that g = f. (16 points)

Solution.
o Let A ={w e C: f(w) =0} be the zero set of f.
e Since f is not identically zero, A has no accumulation points.

e If w € A, then f vanishes to order 2m,, at w for some positive integer m,,.

Weierstrass’s theorem guarantees the existence of some entire function h, such that the
following holds:

— if w € A, then h vanishes to order m,, at w, while

— if w e C\ A, then h does not vanish at w.

The function f/h? is then entire, and has no zeroes at all.

Since C is simply connected, one can write f/h? as ef! for some entire function H.

Thus f = e h2, and it follows that f = g2 if g := ef’/2h. Such g is obviously entire.

End of paper



